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Abstract

This paper studies the effect of the timing gaming by the agent in
incentive contracts. It is well known that the agent has incentives to
manipulate the timing of sales reports when the principal uses a nonlinear
incentive contract such as a quota-based contract. However, it is not
known how the agent’s gaming activity affects the principal’s profit.

We study a dynamic moral hazard model in which the agent can delay
the timing of reporting. First, we compare linear contracts and quota-
based contracts to examine how the timing gaming relates the optimal
form of contracts. We show that when the agent’s effort cost is rela-
tively low, the principal prefers quota-based contracts to linear contracts.
Second, we consider the non-gaming situation in which the agent cannot
manipulate the timing of reporting to examine how the agent’s gaming
activity affects the principal’s profit. We show that when the agent’s effort

cost is relatively high, gaming activities increase the principal’s profit.
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1 Introduction

A quota-based contract is one of the most important forms of incentive con-
tracts, especially for salespeople.! One reason for its popularity is that it can
provide strong incentives to salespeople. Previous theoretical research on static
moral hazard models also shows that a quota-based contract is the most efficient
contract form from a firm’s perspective, especially when a salesperson’s liability
is limited.?

Furthermore, it is well known that if an employment relationship between
a firm and a salesperson exists over a long term (multi-period), quota-based
contracts provide incentives for the salesperson to manipulate the timing of
transactions to increase their wage (“timing gaming”).®> However, it is not clear
how timing gaming affects a firm’s objectives. In this study, I examine the effect
of timing gaming on a theoretical framework.

Several empirical and theoretical studies have examined the effects of em-
ployees’ gaming activities. For example, Larkin (2014) suggests that gaming is
costly to firms. The author focuses on situations in which employees manipulate
prices rather than the timing of sales reports. He uses a proprietary database
of deals for a leading enterprise software vender and demonstrates that timing
gaming by the vender’s salesperson costs it 6-8% of revenue.

An example of a theoretical study is Au and Kawai (2019), who investigate
the optimality of quota-based contracts. They examine a two-period moral
hazard model in which the agent can carry over the first period’s sales to the
second round. Their main result is that if the principal does not have contractual
commitment power (i.e., there is a possibility of renegotiation), a quota-based
contract can be optimal for the principal.

To complement Au and Kawai (2019), we investigate a long-term employ-
ment relationship by considering an infinite-period moral hazard model wherein

a risk-neutral principal (female) employs a risk-neutral agent (male) to sell her

Isee Joseph and Kalwani (1998).
2see Kim (1997) and Oyer (2000).
3see Oyer (1998).



products or services. Every period consists of two rounds, and the agent exerts
an effort to sell the product to one customer in each round.

The principal cannot observe not only the agent’s effort level, but also
whether the product has been sold or not. Instead, the principal can observe
and verify the sales report, which is submitted by the agent at the end of each
round. We assume that the agent can strategically manipulate the timing of
sales reports. Specifically, the agent can report the current round’s sales at the
end of next round, that is, the agent can carry over the sales to the next round.

This study aims to answer two questions: (i) If the agent can manipulate
the timing of sales reports, what form of contract is optimal for the principal?
(ii) How does the gaming activity affect the principal’s profit?

To answer the first question, we compare linear and quota-based contracts,
which are the most common forms of sales force compensation. Linear contracts
reward each sales equally, whereas quota-based contracts do not. Therefore, if
the principal offers a linear contract, the agent has no incentive to manipulate
the timing of reporting because it does not change his total wage. Meanwhile,
a quota-based contract may incentivize the agent to game the timing because
of nonlinearity of the compensation form. Specifically, the agent may have
incentives to delay the sales reports when, at the beginning of the second round,
(a) he has already made a quota, or (b) he cannot make a quota even if he could
sell the product in that round.

We show that quota-based contracts are more profitable for the principal
than linear contracts if and only if the cost per unit effort is relatively low. The
intuition behind this result is as follows. Quota-based contracts can provide
strong incentives to the agent, but the strength of these incentives depends on
the achievement of quotas. Specifically, the agent exerts a high effort when he
is likely to achieve a quota, but a low effort when he is not.

If marginal effort costs are not constant (i.e., the agent’s cost function is
nonlinear), these variations in the incentive strength generates inefficiency in
effort costs. Furthermore, this inefficiency increases with the cost per unit effort.

As a result, the negative effect of quota-based contract is more significant than



the positive effect of that when the cost per unit effort is high.

Because linear contracts do not generate such inefficiency, they are more
profitable for the principal than quota-based contracts when the cost per unit
effort is high.

To answer the second question, we consider a situation in which the agent
cannot game the timing of the sales reports (a non-gaming situation) and com-
pare this and the gaming situation from the perspective of the principal’s profits.

We show that timing gaming by the agent is profitable for the principal if
and only if the cost per unit effort is relatively high. The logic behind this result
is similar to that of the first question. In the non-gaming situation, quota-based
contracts can provide stronger incentives than in the gaming situation, but
such strong incentives also increase the variability in effort levels. Therefore,
an increase in the cost per unit effort decreases the principal’s profit in the
non-gaming situation more sharply than in the gaming situation.

The rest of this paper is organized as follows. The next section describes our
model; section 3 compares linear and quota-based contracts; section 4 compares
gaming situation and non-gaming situation to analyze the effect of the timing
gaming; section 5, we discuss our main results and potential extensions. The

proofs of the lemmas and the results are provided in the appendices.

2 Model

We consider an infinite-period moral hazard model in which a risk-neutral prin-
cipal (female) hires a risk-neutral agent (male) who is protected by limited
liability (i.e., wages must be positive) to sell her products or services (hereafter
“output”). They live in period 1,2, ... until infinity and have a common dis-
count factor 6 € [0,1). Each period consists of two rounds (first round and
second round). In each round, the agent exerts costly effort to sell the output
to one customer. His effort level e(€ [0,1] = E) is not observable and verifiable
for the principal. The cost of exerting effort is denoted by c(e) = ce? where

¢ (€ {0.01,0.02,---,2.00}) is the cost per unit effort, which is commonly known.



The agent’s effort in each round stochastically determines the sales y(€
{0,1} = Y) for that round. Specifically, the probability of a successful trans-
action equals the effort level in that round, that is, Prob(y = 1lle) = e. We
use t(=1,2,3 ) and R(€ {1(st),2(nd)} = R) to denote periods and rounds,
respectively, that is, the sales in the round R of the period ¢ is denoted by y; r.

We assume that the principal cannot observe either the agent’s effort level or
the sales. However, she can observe and verify the agent’s self-reports (denoted
by ri,r € {0,1} = #Z). This allows her to design enforceable contracts wherein
payments are dependent on sales reports.

To examine the effect of the agent’s timing gaming, we consider a situation
wherein the agent can carry over sales from the current round to the next round
by underreporting. The agent is assumed to be able to carry over the sales for
one round only. Specifically, the constraint is given by 0; g < 7¢ r < y¢, g + 04, R-
0, r(€ {0,1} = ©) denotes carryover at the end of round R in period ¢, where

it is defined as

9 Y12+ 012 =112 if G120 < q0
1=

Yt—1,2 otherwise,

Ye1+ 601 —req if 01 <1y
O:0 = .
Ye1 otherwise.

Period t Period t+1

15t Round 2nd Roun

In our model, a contract specifies the wage for each period (denoted by
wy). We impose several restrictions on contracts. First, the principal offers a
contract at the beginning of the relationship and cannot change it afterwards
(i.e., there is no possibility of renegotiation). Second, the wage for each period
depends only on the sum of the sales reports for that period (hereafter referred

to as the total sales report), but not on the history of sales reports, that is,



wage in period ¢ depends on (ry; + r12). With these two assumptions, the
wage scheme does not depend on the period; thus, the wage for period ¢ can be
expressed as w(ry1,7¢,2). Finally, we assume that the agent’s liability is limited
(i.e., w(rga,re2) > 0 for all 741,72 € {0,1}).

The timing of this game is as follows.

1. The principal offers a contract w(ry,r2) and the agent chooses to accept
or reject it. If the agent rejects the contract, the game ends and both the

principal and the agent earn the outside option (= 0).

2. If the agent accepts the contract, he chooses effort level e; ;1 € [0, 1] for

the first round of period 1.

3. The output y; ; is realized, and it is observable for the agent but not for

the principal.

4. The agent submits the sales report 711 (> 0) and carries over 61 1(=y1,1 —

r1,1) to the second round of period 1.
5. The agent chooses e 5 € [0, 1].

6. The output of second round y; 2 is realized, and it is observable for the

agent but not for the principal.

7. The agent submits a sales report r1 o(> 61,1) and carries over 0 o(= y1,2+

61,1 — 7m1,2) to the first round of period 2.
8. The principal pays the agent based on his total report in period 1.

9. Step 2-7 are repeated for period 2, 3,- - -.



P offers a contract
w(ry, 12)
| 1 1 1 1
| | | | 1
A chooses to accept A chooses e;; € [0,1] A observes A reports
or reject the contract y11 € {0,1} (S yi1)

v

P pays w(r ,,1,) to A

1 1 l 1 >
I 1 ! I v
A chooses A observes A reports

e12 €[01] y12 €{0,1} (S Y1 +001)

We begin by considering the problem of the agent. The agent is assumed to
maximize the expected total payoff, where period t’s ex-post payoff is given by
the wage minus the total effort cost in that period (i.e., wy(re1,74,2) — (cef ; +
065,2))'

The agent’s control variables in period ¢ are e;1,es 2,71 and r¢ 2. Thus,
his problem is to choose a policy function for both effort level and sales reports
(effort policy and report policy, respectively).

The effort policy consists of the policy for the first and second rounds’ efforts,
which are functions from © to E and © x Z to E, respectively. Meanwhile,
the report policy consists of the policy for the sales reports of the first and
second rounds, which are functions from © X Y to Z and © x Z x Y to Z,
respectively. Using the dynamic programming framework, the optimal effort

and report policies satisfy the following Bellman equations.

Vi1(61)

= —c(e1(01)) + e1(61)Va(o1 (61,71 (01,1),1))
7"1(91,11),7"11(91,0)

+ {1 — e1(61)}Va(o1(01,71(81,0),0))



‘/2(92,7’1) =

max —c(ez(b2,71))
ez (02,71)
ra(02,r1,1)
r2(02,r1,0)

+ ea(02, 1) [w(ry, ra(f2,71,1)) + 6Vi(02(02,m2(02,71,1),1))]

+ {1 — ez(02,7m1) Hw(r1,m2(02,71,0)) + 6Vi(02(02, r2(62,71,0),0))],
where o1 and o9 are transition functions from © x Z x Y to © x # and from
O X Z x Y to O, respectively.

Meanwhile, the principal’s problem is to design the wage scheme to max-
imize her total expected profit, subject to incentive compatibility constraints
for efforts and reports and limited liability constraint.* The principal’s ex-post
profit in period ¢ is defined as the total sales reports minus the wage in that pe-
riod, that is, r4 1 +r¢ 2 —w(re1, 74,2). Using a dynamic programing, the optimal

wage scheme satisfies the following Bellman equations:

I1(01) =€7(601)r7(61,1) + {1 — ej(61)}r7(01,1)
+ €7 (01)2 (a1 (01, 77(01,1),1)) + {1 — €7(61) } Tz (01 (61,77 (61,0),0))

Iy (02,71) =

max e5(0a,r1)r5(01,1) + {1 —ej(01)}ri(61,1)

w(ry,r2)
+ e5(02,71)[w(r1,r5(02,71,1)) 4+ 011 (02(02, r5(02,71,1),1))]
+ {1 —e5(02,r1) Hw(r1,75(02,71,0)) + 6111 (02(02, 75 (02,71, 0),0))],
where e* and r* are the optimal effort and report policies under the contract
offered by the principal, respectively.

We focus on three types of contracts: linear, high-quota, and low-quota.

Definition 1. A contract is linear if wage scheme is

w(ry,re,b) = b(ry + o)

4Because we assume that the agent’s outside option is 0 and the minimum wage is 0, he

always accepts the principal’s offer. That is, we can drop the participation constraint without

loss of generality.



Definition 2. A contract is low-quota if wage scheme is

b if rit+mr>1
w(ry,re,b) =
0 otherwise

Definition 3. A contract is high-quota if wage scheme is

b if ri+ra=2
w(ry,re,b) = fon 2
0 otherwise

w ) w w .
Linear Contract Low — Quota Contract Hihg — Quota Contract

_|— I

1 2 n+n 1 2 it 1 2 rtn

Under a linear contract, the agent receives a constant amount for each unit
of sales report. Thus, this type of contract provides linear incentives to the
agent. However, under a low-quota contract, the agent receives b if and only if
the total sales report in that period is higher than 1; thus, low-quota contracts
provide nonlinear incentives to the agent because marginal wages from reporting
additional sales are not constant. Therefore, the agent may have an incentive to
manipulate the timing of sales reporting. Specifically, he has incentives to delay
the reports when he cannot make quotas even though he reports true sales.
Finally, under a high-quota contract, the agent receives b if and only if the total
sales report in that period is 2. This type also provides nonlinear incentives to

the agent, and thus, he has incentives to manipulate the timing in this case too.

3 Linear vs Quota

In this section, we compare the three types of contracts with respect to the prin-
cipal’s profit. We examine which types efficiently incentivize the agent when he
can manipulate the timing of reports (“gaming situation”). We derive the nec-

essary and sufficient conditions for each contract to be optimal for the principal.



3.1 Linear contracts vs Low-quota contracts

First, we characterize the optimal linear contract and derive the principal’s
profit. To do this, we characterize the agent’s optimal effort and report policies.
The following lemma characterizes the optimal effort and report policies in a

linear contract.
Lemma 1. Assume the principal chooses a linear contract.
(i) The optimal report policy (r¥ ) satisfies
T{D(glayl) =Y, Tg(OQarlayQ) =2
for all 01,00 € ©, y1,y2 €Y and r, € Z.
(ii) The optimal effort policy (e}, ek) satisfies
el (01) = el (0a,71) = min{;c,l}
for all 01,05 € © and r| € Z.
Proof. See Appendix. O

(7) in Lemma 1 implies that under a linear contract, the agent always reports
true sales in every round (i.e., 1, g = yi.g for all ¢t and R). This is because the
agent always receives b per unit of sales, so he has no incentive to manipulate
the timing of the sales reporting. (i¢) in lemma 1 implies that the agent exerts

the same efforts in every round (i.e., e, g = 2 or 1).

C

Given lemma 1, the principal’s problem becomes static. Hence, her problem

is expressed as

m?XE[rf—&—rQP —wp(rf,rgp,b)]

= mbax2(1 — eP).

Solving this problem, we can characterize the optimal linear contract and derive

the principal’s profit.

Lemma 2. Assume the principal chooses a linear contract.

10



(i) The optimal linear contract w® (r1,r9,b") satisfies
P ool
b :mln{?Zc}.
Then, the agent’s optimal effort level is given by

1 if ¢>

=

4i otherwise
C

(ii) The principal’s expected profit under the optimal linear contract I¥ is
given by
1
7 = min{—, 1 — 2¢
fgo1-2)

Proof. See Appendix. O

Next, we characterize the optimal low-quota contract and derive the princi-
pal’s profit. For simplicity in the following analysis, we assume that both the
principal and the agent are sufficiently patient, that is, § — 1. The follow-
ing lemma describes the agent’s optimal effort and report policies in low-quota

contracts. °
Lemma 3. Assume the principal chooses a low-quota contract and § — 1.
(i) The optimal report policy {r¥ r} satisfies

1 if O+ >1
1 (01, 91) = ,
0 otherwise

L if O2=1 or (02,71,y2)=(0,0,1)
T2L(92,7'17y2) =
0 otherwise

(ii) The optimal effort policy {e¥(0),el(1),e(0,0),ek(0,1),eL(1,1)} is ea-

pressed as follows.

5There is another type of optimal policy apart from one characterized in this lemma. These
two types of policies are the same in the terms of expected level of effort and payment. That
is, the optimal low-quota contract is the same under these optimal policies. Hence, we focus

on only one these two. In Appendix A, we provide the characteristics of both optimal policies.

11



Case 1: 2¢<b

el (0) =0, ef(1)=0,
ek (0,00 =1, ek(0,1)=1, eX(1,1)€0,1]

or

er(0) =2- V2, ef(1) =0,
ek(0,0) =1, ek(0,1)=v2-1, ek(1,1)€]0,1].

Case 2: 2¢> b
ek (0) : (el (0)* — 4% (el (0))® + 4% (eL(0))? — 8c¢%eE(0) + 4be — b2 =0

b
ek(1) =0, 65(0,0):2—6, ek (1,1) €10,1)

Proof. See Appendix. O

(1) in lemma 3 means that the agent underreports at the end of the second
round when he reports 1 in the first round and successfully sells the output in
the second round. Given the optimal report policy 7%, the state transitions are
shown in Figure 1.

(i) in lemma 3 implies that e£(0,0) > eF(0) > el (0,1) > ef(1). The
agent has strong incentives to exert effort when he does not have a carryover,
especially for the second round.

Given lemma 3, the principal’s problem is to choose b so that it satisfies

following equations.
111 (0) = €7 (0) + e1 (0)I12(0, 1) + (1 — 1 (0))12(0,0)

I (1) = 1+ eX(D)IT(1,1) + (1 — eF(1)112(0, 1)

12



Period t Period t+1
1st Round 2nd Round 1st Round

(0,0)
© =
T~ on—/
/ ( ) )
w0
(1,1) - Failure

(91) (92, r1) (91)

Figure 1:

15(0,0) = (1 = b)e; (0,0) + 8111 (0)
I,(0,1) = —b+ 3{ek (0, DI (1) + (1 — e5 (0, 1)), (0)}
I2(1,1) =1 = b+ d{ey (1L, I (1) + (1 — e (1, 1)) (0)}
When § — 1, the problem can be expressed as the following maximization
problem:
max|(1 = b){er (0)(1 - €3(0,0)) +€5(0,0)} + {(2 = bey (0)er (1)
— (1 =0)(1 —ef (0)1 —e1(1))ez(0,0)} — (1 — b)er (1){er(0)
(1 —e(0,0)) +¢5(0,0)}ez (1, 1)]/[1 — (1 — 1 (0) — e (1))ez (0, 0)
—er(Dez (1,1)].
Denote the optimal low-quota contract and the bonus level in it as wy, (¥, r¥ bL)
and b”, respectively. Furthermore, the principal’s expected profit under
wr (r¥, rL bF) is denoted by ITF.
We derive b” and II” by numerical calculation using “Mathematica”. The

following result shows the relationship between II7 (characterized in lemma 2)

and I1%.
Result 1. Assume § — 1. For all b(> 0) and all ¢, TI¥ > 1.

Proof. See Appendix. O

13
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Figure 2:

Result 1 implies that linear contracts are more profitable for the principal
than low-quotas contracts for all b and ¢. The intuition behind this result is
as follows: Low-quota contracts do not provide strong incentives to the agent
because it is easy for him to make quotas. Meanwhile, this type of contract
induces the inefficiency in effort costs due to nonlinearity of compensation.

Linear contracts do not generate such inefficiency because the agent chooses
the same effort level in every round, although they do not provide strong in-
centives. As a result, the principal always prefers linear contracts to low-quota
contracts.

Furthermore, the difference between the principal’s profit in the optimal
linear contract and the optimal low-quota contract decreases as ¢ increase (see

figure 2).

14



3.2 Linear vs High-quota Contract

We have confirmed that the optimal linear contract is more profitable for the
principal than low-quota contracts. Now, we compare linear contracts and high-
quota contracts with respect to the principal’s profit. We begin by considering
the problem of the agent. The following lemma characterizes the optimal effort

and report policies under high-quota contracts.
Lemma 4. Assume § — 1 and the principal chooses high-quota contracts.
(i) The optimal report policy (ri,ri) satisfies

1 if 014+y1>1
7"{{(91, yl) =
0 otherwise

L df Oa=1 or (02,71,92) = (0,1,1)
T§(92,T1,y2) =
0  otherwise
(ii) The optimal effort policy {el(0), e (1), (0,0), el (0,1), e (1,1)} are ez-
pressed as follows.

Case 1: b < 2¢

H(g) = b — 2b%c + 4e(v/b* — 6b3c + 8b2c2 + 16¢* — 4c?
“at= 4(b — 2¢)%¢ ’

e (1) = b — 6b%c + 8bc® + 16¢> — dey/b* — 6b3¢ + 8b2c2 + 16d,

Vb% — 6b3¢c + 8b%¢2 + 16¢* — 4¢?
c(4c — b) ’

e5'(0,0) =5’ (1,1) =
b
e (0,1) = %
Case 2: 2¢ < b<4c

b3 — b2 — 16¢3 — 4v/2(be) 2 + 16v/2V/be?
4(b — 2¢)%c ’

(b° — 6b%¢ + 8bc? + 16¢* + 4v/2(be) F — 16V2VbcP),

V3b3
+4c — 4\@\/&
ef(0,0) = el (1,1) = & :
2b — 4c¢

15



Period t Period t+1
1st Round 2nd Round 1st Round

0,0
N

(1)

(1,1) - Failure
——>  SUCCESS
(91) (92, 7”1) (91)
Figure 3:
e (0,1) =1

Case 3: b > 4c
e’ (0) = Lef' (1) € [0,1],

ed(0,0) € [0,1],eX(0,1) = 1,e(1,1) € [0,1].
Proof. See Appendix. O

() in lemma 4 implies that there are two cases in which the agent carries over
sales (see figure 3). The first case is that the agent can make quotas without
reporting the second round’s sales. In the second case, the agent cannot make
quotas even if he reports the sales for that round. Given the optimal report
policy (r), the state transitions are shown in Figure 3. (ii) in lemma 4 implies
that el (0,1) > eff(1) > e(0,0) > ef1(0). Figure plots effort levels of each
state.

Given lemma 4, the principal’s problem is to choose b so that it satisfies

following equations:
111 (0) = e1’ (0) + 1’ (0)12(0, 1) + (1 — e’ (0))I15(0,0)
(1) = 1+ e (1)IIy(1,1) 4+ (1 — e (1))(0,1)

I15(0,0) = 6{(1 — €5 (0,1))I11(0) + 5’ (0, 1)II; (1)

16



I5(0,1) = (1 — b)e3' (0,1) + 6{I11(0)}
y(1,1) =1 = b+ 6{(1 — ey (1,1))I11(0) + e5' (1, 1)IT; (1)}

When § — 1, her problem can be expressed as the following maximization

problem.
max((1~ b){el! (0)(1+ eff (0,1) — bel! (0, 1))+

(1= €1 (0))es" (0,0)(1 + (1 = b)eg (1)(1 = e5'(0,1)) + (1 = beg’ (0, 1)+
et (0)et (1)((b — 1)ez (0,1))ez (1,1) — 1)

/(1 +¢5'(0,0) — ei’ (0)e5’ (0, 0) — e’ (1)e' (1,1)).

Denote the optimal high-quota contract and the bonus level in it as wg (7, 7 bH)
and b, respectively. Furthermore, the principal’s expected profit under
w (rf i ) is denoted by IT1H.

Similar to result 2, we derive b¥ and IT¥ using numerical calculation. The

following result shows the relationship between II” and II7.
Result 2. Assume 6 — 1. If ¢ < (>)1.47, then Ugigho > (<) Linear-

Result 2 implies that when c is low (high), the high-quota contract (the linear
contract) is more profitable for the principal than the linear contract (the high-
quota contract). Figure 4 shows the comparison between the optimal linear
contract and the optimal high-quota contract with respect to the principal’s
profit. The logic behind this result is as follows. The high-quota contract
provides stronger incentives than the linear contract, but induce the inefficiency
in effort cost. Furthermore, an increase in ¢ increases this inefficiency. To
see this, we compare these two contracts with respect to the equilibrium level
of expected total effort and expected payment. Figure 5 and Figure 6 show
the comparison with respect to expected total effort per period and expected
payment per period, respectively. These two figures imply that when c is high,
the optimal linear contract can incentivize the agent more efficiently than the
optimal high-quota contract. This is because the inefficiency in high-quota

contracts increases as ¢ increases. That is, the strong incentives in high-quota

17
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contracts becomes costlier to provide. Consequence, the principal prefers the

optimal high-quota contract to the optimal linear contract if ¢ is high.

4 The Effect of Gaming

In this section, we examine the effect of gaming. To do this, we modify the
basic model to a new model wherein the agent cannot carryover the sales to
the next round. In the new model, the agent has to report the true sales in
each round, that is, 71 = ¢, and ry 2 = y; 2 for all . We begin by deriving
the agent’s optimal effort policy under low-quota contracts in this new situation

(non-gaming situation).

Lemma 5. Assume the agent cannot carry over the sales, and the principal

chooses low-quota contracts.

The optimal effort policy e“(NG) satisfies
b(btdc) o b Cep
(HV9) (0), £V (), Oy = § Ok e =
{0,0,1} otherwise.
Proof. See Appendix. O

The principal’s problem becomes static because the agent cannot manipulate
the timing of sales reports. In other words, the problem is to choose b to
maximize the expected profit for a period. Given lemma 5, it is expressed as

L(NG)( bL(NG))|€L(NG)]

mng[yl —Y2—w Y1, Y2,

We denote TI*(VG) as the principal’s profit per period under the optimal low-
quota contract in a non-gaming situation. The following result shows the com-
parison between IT* and II*(VG) We denote the optimal high-quota contract
and the bonus level in it as wy (rf, ri b7) and b, respectively. Furthermore,
the principal’s expected profit under wg (rf, i bH) is denoted by IT1H.

Similar to result 2, we derive b and IT using numerical calculation. The

following result shows the relationship between II7 and I1%7.

19



c=1
04
0.20
0.3
0.15
0.2
0.10
0.1
0.05
02 04 06 08 10 ! 02 04 06 08 10
b b
n c=2
0.12
0.10
0.08 ——  Low — Quota Contract
0.08 Low — Quota Contract (Non Gaming)

0.2 04 0.6 0.8 1.0

Figure 7:

Result 3. Assume § — 1. For all ¢(> 0) and b(> 0), TF > TTHNG),
Proof. See Appendix. O

Result 3 implies that the agent’s gaming activity is profitable for the prin-
cipal in a low-quota contract. The logic behind this result is as follows: In the
second round, when the quota has been achieved at the end of the first round,
the agent has no incentive to exert efforts in the non gaming situation, but he
does have incentives in the gaming situation. It follows that the inefficiency
in effort costs is large in the non-gaming situation. Consequently, low-quota
contracts incentivize the agent to be more efficient in the gaming situation.

Next, we examine the effect of gaming on high-quota contracts. The fol-
lowing lemma characterizes the agent’s optimal effort policy in a non-gaming

situation.

Lemma 6. Assume that the agent cannot carry over the sales, and the principal

20



2.00
—— Optimal High — Quota Contract
1.50 Optimal High — Quota Contract
(Non Gaming)
1.00
0.50

0.50 1.00 1.50 200 €
Figure 8:
chooses high-quota contracts. Then, the agent’s effort policy e? NG s
2 .
5,0, 55 if 2<1
{B{I(NG)(O),Gf(NG)(l),egl(NG)(O)} — b;(:c’o’l} ’Lf b;cc <1 S %
: b—c
{17 07 1} Zf 1< e -
Proof. See Appendix. O

Given lemma 6, the principal’s problem is expressed as

max By, — yz — w N (yy, . b VD) V]
= maxc eff N9+ (2= ) VD VO 1)

We denote IT(VG) a5 the principal’s profit per period in the optimal high-

quota contract under a non-gaming situation. The following result shows that

the relationship between II* and ITH(NG)

Result 4. Assume § — 1. If ¢ > (<)0.49, then T > (<)ITHINVG)

Proof. See Appendix. O
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Result 4 implies that the agent’s gaming activity is profitable for the prin-
cipal when c is high. Figure 8 plots the principal’s profit under the optimal
high-quota contract in the gaming and non-gaming situations. This shows that,
as c increases, the optimal profit decrease more sharply in the non-gaming situ-
ation than the gaming situation. To analyze this further, we compare these two
situations with respect to expected efforts and expected payment.

The relationship between these two situation is similar to that between linear
and high-quota contracts in the gaming situation. High-quota contracts can
provide stronger incentives to the agent in the non-gaming situation because if
the quota is not achieved, all sales reports for that period will be useless, as
a result, the agent will exerts efforts to make his quota (Figure 9). However,
these strong incentives induce inefficient effort cost. Becase an increase in ¢
increases this inefficiency, incentives becomes costlier to provide (Figure 10).

Consequently, gaming activity is profitable for the principal when c is high.

5 Conclusion

This paper considered an infinite-period moral hazard model in which the agent
can underreport the sales in order to increase his wage. We first showed that
when the effort cost is relatively low, the principal prefers quota-based contracts
to linear contracts. This result implies that quota-based contract can be more

profitable than linear contracts even if the agent can manipulate the report
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timing.

In addition, we investigate the effect of timing gaming by considering the sit-
uation where the agent does not allow to manipulate the timing of sales reports.
Then, we showed that the agent’s gaming activities increases the principal’s
profit in quota-based contracts when the effort cost is relatively high.

However, our model needs improvement because we impose several strong
assumptions on the model. For example, we assume that wage contracts do
not change in the infinite repeated relationship and depend on the history of
sales, i.e., wage depends only on the current period’s sales. Therefore, these

assumptions need to be relaxed in order to obtain more general results.

Appendix A

In appendix A, we give proofs of lemma 1-6.

Proof of lemma 1

The optimal report policy:

Since linear contracts provide linear incentives to the agent, there is no in-
centive to carry over sales from the first round to the second round. There-
fore, he always reports honestly in linear contract. It means that v (0, y;) =
y1, 18 (02,71,9y2) = yo for all 01,05 € O, y1,y2 €Y and r; € Z.

The optimal effort policy:

Given the optimal report rule (rf’, L), the agent’s problem of choosing the level
of effort in each round becomes stationary. Specifically, his problem is expressed
as

max eb — ce?.
eelE

Solving above the agent’s problem, his optimal effort in both rounds (ef’,el’)
are given by
P P

b
= = 1 1. —
e} =e; = min{ ,20}

Proof of lemma 2

First, we derive the optimal bonus in linear contracts (denoted by b”). Given
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the agent’s optimal policy for effort level and report ((ef’;el’) and (rf,r2)), the

principal’s profit maximization problem regarding b in every round is expressed
by
2(1 = b) x min{1 b }
max 2(1 — min{l, —
b 2c

Solving this problem, we obtain
P o1
bt = mm{i, 2¢}.

Second, we calculate the principal’s revenue for each round in the optimal linear
contract (denoted by IT¥). Given the optimal effort policy (e, ef) and bonus

bY, TIF can be expressed as
bP
2(1 — b¥) x min{1, 2—0}.

We can derive II¥ as follows.

)

Note that b* = % since % < 2c¢. Then,

Case 1 (¢ >

=

1. 1 1
m7 =2(1—-)x — = —.
( 2)X4c 4c

Case 2 (c< 1)

Note that b = 2¢ since % > 2c. Then,
7 =2(1 —2¢) x 1 =2(1 — 2¢).
As a result, we obtain
n?r = max{i 2(1 —2¢)}.
4c’

Proof of lemma 3
The optimal report policy:

First, note that the agent cannot overreport the sales (i.e., 1 < 01 + y1,
ro < 65 + y2). He must report 0 when r1 = y; = 0 or ro = yo = 0. Therefore,
r¥(0,0) = r£(0,0,0) = 4(0,1,0) = 0.

Second, note that he can carry over the sales for only one period. Then,

he must report 1 if he has a carryover from the previous round (i.e., 8, =
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1). Therefore, 7¥(1,0) = rF(1,1) = r£(1,0,0) = & (1,1,0) = r¥(1,0,1) =
ri(1,1,1) = 1.

Next, we consider the optimal report at the state (0,0,1). At this state,
underreporting decreases his total payoff since V(1) — V(0) < b. Hence, it is
optimal for him to report honestly, that is, 75(0,0,1) = 1.

Then, we consider the optimal report at the sate (0,1,1). At this state, the
agent has already achieved his quota in the first round. Then, truth reporting
decreases his total profit since V(0) < V(1). Therefore, it is optimal for him to
carry over the sales at this state, that is, r£(0,1,1) = 0.

Finally, we consider the optimal report at the sate (0,1). To derive r£(0,1),
we compare the agent’s total payoff in both r(0,1) = 0 and r(0,1) = 1 cases,
where he reports sales optimally at other states and exerts optimal efforts in
every states. Note that the agent has to report the sales either in the first or
second round. Then, whether he delays his sales report or not does not change
his profit in this case. Therefore, r£(0,1) € {0,1}.

As a result, the optimal report policies are the following two types.

Type 1
1 if i4+y1>1

(61, y1) =
0 otherwise

1 if 6y =1 or (62,71,2) =(0,0,1)
T2L(917T13y2) =
otherwise

Type 2

1 if (61,y1) =(0,1) or (1,1)
7"1L(91,y1) = )= (
otherwise

L if 6y =1 or (02,71,y2) = (0,0,1)
ry (01,71, y2) =
otherwise

The optimal effort policy:
To derive the agent’s optimal effort policy in low quota contracts, we solve the
Bellman equation characterized in our model.

Type 1
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First, we derive an optimal effort policy when the agent chooses type 1 report
policy. Under this report policy, the state (1,0) is unreachable. Therefore,
it is enough to derive the optimal effort level in reachable states (i.e., {(0),
(1), (0,0), (0,1),(1,1)}). We derive {el(0),eX(1),e£(0,0),eX(0,1),ek(1,1)} by

solving following equations.
V1(0) = —¢(e1(0))* + 1 (0)V2(0,1) + (1 — e1(0))V2(0,0)

Vi(1) = —c(er (1))? + er (1)Va(1, 1) + (1 — ef (1)) V2(0, 1)
V2(0,0) = beZ (0,0) — c(ek (0,0))% + 64 (0)
Va(0,1) = b — c(e (0,1))* + 6{ez (0, )Va(1) + (1 — e (0,1)) V2 (0)}
Va(1,1) = b —c(ed (1,1)) + 0{es (1, )Vi (1) + (1 — e5(1,1))V1(0)}

To solve these equations, we first consider e’ (1). In this state, the agent
has no incentive to exert efforts because selling the output in that round is not
profitable. That is, e(1) = 0. Furthermore, eX(1) = 0 means that the state
{(1,1)} is not reachable, i.e., eX(1,1) € [0, 1].

Next, we consider e”(0,0). Note that the agent’s profit after the next pe-
riod does not depend on whether he can sell the output or not, in that round.
Therefore, his problem at the state {(0,0)} is

bes(0,0) — 0,0))?
ha e2(0,0) — c(e2(0,0))

By solving above the problem, we obtain e%(0,0) = min{1, 2%}
In the following analysis, we divide the cases into case 1 (2¢ < b) and case 2
(2¢ > b) in order to derive {e}(0), ek (0,1)}.
Case 1 (2¢ < b)
Note that eX (1) = 0, e£(0,0) = 1. Then, {eX(0), e (0,1)} must satisfy following

equations.
Vi(0) = —c(er(0))? + e (0)V2(0, 1) + (1 — ef (0)) V2(0, 0)

Vi(1) = V»(0,1)
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V2(070) =b—c+ (5V1(0)
Va(0,1) = b — ez (0,1))* + 6{ez (0,1)Va(1) + (1 — e5 (0, 1)) V1 (0)}

Solving the above equations for e (0) and e£(0, 1), we obtain
{e1(0),e5(0,1)} = {0,1} or {2 = v2,V2 -1},

Case 2 (2¢ > b)
Note that ef(1) = 0, e£(0,0) = 2. {el(0),e£(0,1)} must satisfy following

equations.
Vi(0) = —c(ef (0)* + ef (0)Va(0, 1) + (1 — e7(0))V2(0,0)
V1(1) = V5(0,1)

V5(0,0) = ;’—i - Z—i + 6V1(0)
V2(0,1) = b — (e (0,1))% + 5{ek (0, 1)Vi(1) + (1 — e (0,1))V1(0)}

By solving above equations under the constraint of (2¢ > b), we can obtain the

following results.
el (0) : (el (0)* — 4c?(el(0))® + 4c?(eX(0))? — 8c%ef(0) + 4be — b* =0

b
ef(1)=0, e3(0,0)= -, ez(1,1) €[0,1]

h0.1) = ek -2
LA ekt -2 -9

Type 2

Second, we derive an optimal effort policy when the agent chooses type 2 report
policy. Under this report policy, the state (0,1) is unreachable. Therefore,
it is enough to derive the optimal effort level in reachable states (i.e., {(0),
(1), (0,0), (1,0),(1,1)}). We derive {el(0),ef(1),eZ(0,0),ek(1,0),ek(1,1)} by

solving following equations.
Vi(0) = —¢(e1(0))* + 1 (0)Va(1,0) + (1 — e1(0))V2(0,0)
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Vi(1) = —c(ef (1) + ef ()Va(1,1) + (1 — e7 (1)) Va(1,0)
V5(0,0) = beg (0,0) — c(e%(0,0))* + 5V4(0)
Va(1,0) = b — c(eX (1,0))% + d{e5 (1,0)Vi (1) + (1 — e5(1,0))V1(0)}
Va(1,1) = b~ eley (1,1))% + 6{eg (1, 1)Va(1) + (1 — ez (1,1))V1(0)}

Similar to Type 1, the following optimal effort policy is obtained.
Case 1 (2¢ <b)

eF(0) =0,ef (1) = 0,e5(0,0) = 1,eL(1,0) = 1,eX(1,1) € [0,1]
el (0) =2 —v2,el(1) = 0,e5(0,0) = 1,e£(1,0) = V2 — 1,ek(1,1) € [0, 1].
Case 2 (2¢ > b)
ek (0) : P (el (0)* — 4 (eX(0))® + 42 (eX(0))? — 8c2el (0) 4 4bc — b =0

b
ef(1) =0, z(0,0)= 5, e3(1,1) €[0,1]

ko) = ebo - LU
S oot )2 -2 - 9

Proof of lemma 4

The optimal report rule:

Note that the agent cannot overreport the sales (i.e., r1 < 01 +y1, 12 < 02+ y2).
He must report 0 when 7, = y; = 0 or 79 = yo = 0. Therefore, 7 (0,0) =
r¥(0,0,0) = 4 (0,1,0) = 0.

Note that he can carry over the sales for only one period. Then, he must
report 1 if he has a carryover (i.e., 6; g = 1). Therefore, r{/(1,0) = rf{(1,1) =
r¥(1,0,0) = rf(1,1,0) = r&(1,0,1) = vk (1,1,1) = 1.

Then, we consider the optimal report at the state (0,1). Note that if the

agent underreports his sales for the first round, he will never receive the bonus.
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Furthermore, he has to report the carryover in the second round of that period,
even though he cannot make his quota. It follows that carrying over the first
round’s sales does not increase the agent’s profit. Hence, the optimal report at
(0,1) is to report his true sales, that is, r1(0,1) = 1.

Next, we consider 731(0,0,1). At this state, truth reporting decrease the
agent’s profit since V1(0) < V;(1). Therefore, it is optimal for him to underre-
port the sales, i.e., r41(0,0,1) =0

Finally, we consider 74 (0,1,1). Note that V;(0) — V4(1) < b. Then, truth
reporting is optimal for the agent. That is, 731(0,1,1) = 1.

As a result, we obtain

1 if 014+y1>1
r{{(ebyl) =
0 otherwise

1 if 3=1 or (fa,71,y2) = (0,1,1)
7"5(9277"172/2) =
0 otherwise

The optimal effort policy:

To derive the agent’s optimal effort policy under a high-quota contract, we
solve the Bellman equation. When the agent follows the optimal report policy
{rH rII} then the state (1,0) is unreachable. Therefore, it is enough to derive
the optimal effort level at reachable states (i.e., {(0), (1), (0,0), (0,1),(1,1)}).
Specifically, we can derive {ef(0), el (1), el (0,0),el(0,1),ell(1,1)} by solving

following equations.
Vi(0) = —c(er’ (0)) + €1 (0)V2(0, 1) + (1 — €17 (0))V2(0,0)

Vi(1) = —e(ef (1)% + et ()Va(1,1) + (1 — e’ (1))V2(0, 1)
V2(0,0) =bed’ (0,0) — c(e£ (0,0))?
+0{e3' (0,0)Vi(1) + (1 — €3 (0,0)) V1 (0)}
V2(0,1) = b — c(e5' (0,1)) + dey’ (0, 1)V1(0)

Va(1,1) = b — e(eg’ (1,1))* + d{eg (1L, )Vi(1) + (1 — 5 (1,1))Va(0)}
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To solve these equations, we first consider e/ (0,1). Given the optimal report
policy, (0,1) transitions to (0) regardless of sales in that round. It follows that
the effort level at (0,1) (i.e., e2(0,1)) only affects his current period’s profit.
Then, his effort choise problem at (0,1) is

beo(0,1) — 0,1)).
. e2(0,1) — ¢(e2(0,1))

Solving this problem, we obtain e (0,1) = min{1, 2%} Next, we consider the
case where 2c < b.

Case 1 (b < 2¢)

Note that e'(0,1) = £. Then, {ef(0),ef(1),e(0,0),e(1,1)} must satisfy

following equations.
Vi(0) = —c(er’ (0)) + €1 (0)V2(0, 1) + (1 — €17 (0))V2(0,0)

Vi(1) = —clef (1))® + eff (1)Va(1,1) + (1 — €1’ (1))V2(0, 1)
V2(0,0) =bes’ (0,0) — (e (0,0))*
+ 6{ed (0,0) Vi (1) + (1 — ed!(0,0))V1(0)}

b2 bo
V2 (0, 1) = 1o +b+ %Vl(o)

Va(1,1) = b~ c(ey (1,1))* + 6{ed’ (1, DVi(1) + (1 — e3 (1,1))V1(0)}

Solving these equations, we obtain

" b — 2b%c + 4e(v/b* — 6b3c + 8b2c? + 16¢* — 4c?
€1 (0) = )
4(b — 2¢)2c

el (1) = b® — 6b%c 4 8bc® + 16¢> — 4ey/bt — 6b3¢ + 8b2c2 + 1644,

Vb = 6b3¢ + 8b2¢2 + 16¢% — 42
c(4c — b) ’

es'(0,0) = ed’ (1,1) =

b
e’ (0,1) = o

Next, we consider the case where 2¢ > b, (i.e., e£(0,1) = 1). In this case,
the agent’s optimal effort at (0) is given by

b3 — b2 — 16¢% — 4v/2(be)? + 16v/2Vbe )
4(b — 2¢)%¢c ’

}.

min{

30



In the following analysis, we divide the cases into case 2 (2¢ < b < 4¢) and case
3 (4e < D).
Case 2 (2¢ < b < 4c)

3 5
Note that ef(0) = bg_b%_lﬁcl_égg;g); H16VEVES and el(0,1) = 1. Substitut-

ing these into the above equations, we obtain

b3 — b2 — 16¢3 — 4v/2(be) 2 + 16v/2v/bc?

H —
er (0) = 4(b — 2¢)2c
1 3
el ——————(b® — 6b%c + 8bc? + 16¢% + 4V2(be)2 — 16V2Vbcd),

(1) = 4(b — 20)20(

3
Y2 4 e — 43/2Vbe
2b — 4c ’

e5'(0,0) = ed’(1,1) =
ed(0,1) =1

Case 3 (4c < b)
Note that eff(0) = ell(0,1) = 1. Then, ef(1), e (0,0), et (1,1) must satisfy
following equations.

V1(0) = —c+ V5(0,1)
Vi(1) = —c(ef (1))% + ef' (1)Va(1,1) + (1 — ef' (1)) V2(0, 1)
V2(0,0) =bed! (0,0) — c(e2! (0,0))?
+6{e3 (0,0)Vi (1) + (1 — e5'(0,0)V1(0)}
Va(0,1) = b — ¢+ 6V (0)

Va(1,1) = b~ cley (1,1))* + 6{ed’ (1, DVi(1) + (1 — e3 (1,1))V1(0)}

Solving these equations, we obtain
el (0) =1,e1'(1) € [0,1],

ef1(0,0) = 1,e4(0,1) € 0,1, (1,1) € [0, 1].

Proof of lemma 5

We derive the optimal effort policy under a low-quota contract in non-gaming
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situation. Using backward induction, we first analyze the optimal effort policy
in the second round.

The problem for the agent in the second round is to choose the effort level
for each sales (0 or 1) in the first round. When the sales in the first round is 1,

the agent has no incentive to effort in the second round because the effort does

not increase the wage, but does increase effort costs. That is, eé(NG)(l) =0.

We consider the case where the sales in the first round is 0. The agent’s
problem is expressed as

321?5)( bea(0) — c(e2(0))?

Solving this problem, we obtain eQL(NG) (0) = min{1, %

Next, we consider the first round. Given the agent’s effort choice in the

second round, the effort choise problem in the first round is

max e; [b — ce? — c(ez(1))?] 4 (1 — e1)[—ce? + bea(0) — c(e2(0))?].

€1

To solve this problem, we divide it into two cases.

Casel:2c>0

g(NG) (0) L(NG)

=2 and 62(

o (1) = 0, then the problem is given by

Since e

b2
maxbe; + (1 —e1)— — c(er)?.
€1 2C

Solving the above, we obtain elL(NG) = %.
Case 2 : 2¢<b

R (1)

Since e = 1, the agent makes his quota with probability 1 regardless of

sales in the first round. He has no incentive to exert effort in the first round,

that is, elL(NG) = 0. As a result, we obtain
blbtde) b i <1
(FNO(0), H ) 1), SO gy = { E Ok S
{0,0,1} otherwise.

Proof of lemma 6
Similar to lemma 5, we begin with analyzing the second round’s effort policy.

If the agent sells the output in the first round, then his problem in the second
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round is

ma bea(1) — c(ea(1))

Solving the above, we obtain egl(NG)(l) = min{1, 2}.

On the other hand, if the agent cannot sell the output in the first round, he
has no incentive to exert effort because he cannot make quota in that period
even if he sells the output in the second round. That is, ef(NG)(O) =0.

Next, we analyze the optimal effort policy for the first round. This problem

is given by
max e [—cef + bea (1) — e(e2(1))*] + (1 = ex)[—cef — e(e(0))’]

We divide it into following two cases.

Case1l:b<2c

Since e, = 2%, the agent’s problem for choosing the first round’s effort

is
max er[—cef + bea(1) — e(ea(1))*] + (1 — er)[—cef — c(e2(0))?]

Solving the above, we obtain e{{(NG) = %~

Case 2 : b>2c

H(NG
SN (1)

Since e = 1, the agent’s problem for choosing the first round’s effort is

max(b — c)e; — c(eg)?

Solving the above, we obtain e{{(NG)

= min{1, bgcc}.

As a result, we obtain

2oLy if L<i
H(NG H(NG H(NG . . .
{7 M0), e M (1), e Y0 = {B= 0,1} if Ec1< b
. b—c
{1,0,1} if 1<3%2

Appendix B

In appendix B, we will give “Mathematica’s codes” that derive result 1-6.
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Linear Contract

The agent’s optimal effort

LinearOptimalEffort[b_, c_] :=Min[1, b/ (2*c)]

The optimal bonus (the agent’s optimal effort is given)

LinearOptimalBonus[c_] := ArgMax[{2 * (1 -b) % LinearOptimalEffort([b, c], @ < b}, b]

The principal’s optimal profit

LinearOptimalm[c_] :=

2% (1-LinearOptimalBonus[c]) * LinearOptimalEffort[LinearOptimalBonus[c], c]
The total effort in one period
LinearTotalOptimalEffort[c_] := 2 x LinearOptimalEffort[LinearOptimalBonus[c], c]
The expected payment per period

LinearExpectedPayment[c_] :=
2 x LinearOptimalEffort [LinearOptimalBonus[c], c] * LinearOptimalBonus[c]

High-Quota Contract

The principal profit

HighQuotam[el0_, ell_, e200_, e201_, e211_, c_, b_] :=
(€10 (1+e201 -be201) - (-1+e10) €200 (1+ (-1+b) ell (-1 +e201) + €201 - b e201) +
el@ell (-1+ (-1+b) e201) e211) / (1 + €200 - e10 €200 - e1l e211)

The principal profit when the agent chooses optimal effort given by Lemma 4

HIGHQuotam[b_, c_] := Piecewise[

{{HighQuotan[(b3—2bzc+4c (—4c2+ «/b“-sb3c+8b2c2+16c“))/ (4 (b-2¢)%c),

(b3—6b2c+8bc2+16c3—4c 1/b4-6b3c+8b2c2+16c4)/ (4 (b-20)%c),

4c+ A/b*-6 b® c+8 b* c*+16 c* b 4c+ A/b*-6 b c+8 b% c>+16 c*

< y =, < ,c,b],05b<2c},
-2b+4c 2c -2b+4c
b*-2b2c-16c*-4 42 (bc)¥2+16 42 \bc’
{HighQuotan [ N
4(b-2c)?c

(b3-6b2c+8bc2+15c3+4«/5 (bc)¥?2_-16 2 «/ch)/(4 (b-2¢)%c),
%+4c-4«/3 vbec 292 ac-a+2 ybe

1

B

e
3 Jc’b].'
2b-4c 2b-4c

2csbs 4c}, (HighQuotam[1, @, @, 1, 8, c, b], 4% ¢ < b}}]
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The optimal bonus

HIGHOptimalBonus[c_] := NArgMax[{HIGHQuotam[b, c], @ <b < 2}, b]

The principal’s optimal profit
HIGHOptimalm[c_] := HIGHQuotaIl [HIGHOptimalBonus[c], c]

The expected effort at the first round when the agent chooses the optimal report policy given by
Lemma 4

HighlstEffort[el0_, ell_, e200_, e201_, e211_] :=

-1+elle211 (-1+el0) e200
*el0 + *ell
-1+ (-1+e10) €200 + ell e211 -1+ (-1+e10) €200 + ell e211

The expected effort at the first round when the agent chooses the optimal report policy and the
effort policy given by Lemma 4

HIGH1stEffort[b , c_] := Fullsimplify[

b*-2b2c+4c (—4c2+ '\/b4—6b3c+8b2c2+16c4)
Piecewise [{{HighlstEf-Fort [ " B
4 (b-2c)“c

b*-6b2c+8bct+16c3-4c \b*-6b°c+8bc?+16ct

3

4 (b-2c)2c
_4c+@ b _4“«/W
2 T ],OSbSZC},
-2b+4c 2c -2b+4c
b*>-2b%c-16c>-4 2 (bc)*2+16 V2 \bc®
{HighlstE'Ffor‘t [ ,
4(b-2c)c
.\/Ebill
b>-6b>c+8bc2+16c3+4 42 (bc)*¥2-16 Y2 Vbc® o +4c-4+2 \bc
1
4(b-2c)2c ’ 2b-4c *
,\/E‘\/EZ/2+4C_4VE ’_bc
c
- ], 2csbsac), (Highisteffort1, e, @, 1, 0], 4 c < b} }]]
-4cC

The expected effort at the second round when the agent chooses the optimal report policy given by
Lemma4

(-1+e10) (-1+elle211)
High2ndEffort[el0_, ell_, e200_, e201_, e211_] := - * €200 +
-1+ (-1+e10) 200 + ell e211

(((-1+ell) e200 + €10 (-1 + €200 - e11 €200 + e1l e211) ) /

(-1+e10) ell e200
(-1+ (-1+e10) €200 + e11 e211) ) * €201 + * e211
-1+ (-1+el10) €200 + e11 e211

The expected effort at the second round when the agent chooses the optimal report policy and the
effort policy given by Lemma 4
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HIGH2ndEffort[b_, c_] := Fullsimplify[Piecewise[

{{Highzndeffort[(b3-2bzc+4c (-4c?++/(b*-6b>c+8b2c?+16c*))) / (4 (b-2¢)%c),
(b*-6b*c+8bc’+16c*-4c+/(b*-6b>c+8b’c?+16¢*)) / (4 (b-2¢c)?c),
A/b*-6b> c+8 b? c+16 c* _dca A/b*-6b® c+8 b? c+16 *

C C

y ™ ],OSbSZC},
-2b+4c 2c -2b+4c

{HithndE-F-For‘t[(ba—szc—16c3—4 A2 (bc)¥?+16 42 '\/bcs)/ (4 (b-2¢)%c),
(b3-6b2c+8bc2+16c3+4«/5 (bc)*?_16 42 «/bc5)/ (4 (b-2¢)%c),
%+4c—4'\/3\/bc %+4c—4«/§‘\/bc

3

1, B
2b-4c 2b-4c

2c<bs 4c}, (High2ndEffort[1, @, @, 1, 0], 4 cC < b)}]]

-4c+

The total expected effort in one period

HIGHTotalEffort[b_, c_] := HIGH1stEffort[b, c] + HIGH2ndEffort[b, c]

The total expected effort in one period when the principal chooses the optimal bonus
HIGHTotalEffortUnderOptimalbonus[c_] := HIGHTotalEffort [HIGHOptimalBonus[c], c]
The expected payment

HighPayment[el10_, ell_, e200_, e201_, e211_, b_] :=
(-1+ell) e200 + €10 (-1 + e200 - ell e200 + ell e211)

* €201 +
-1+ (-1+e10) €200 + el1 e211

(-1+e10) e1l e200

*b
-1+ (-1+e10) e200 + elle211

The expected payment when the agent chooses the optimal policy and the optimal effort policy
given by Lemma 4
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HIGHPayment[b_, c_] :=

b*-2b2c+4c (—4c2+ «/b4-6b3c+8b2c2+16c4)
FullSimpli-Fy[Piecewise[{{HighPayment[ 2 (b-20)° B
-2¢c)‘c

b*-6b2c+8bct+16c3-4c \b*-6b°c+8b?c?+16ct

3

4 (b-2c)?c
_4c+ A/b*-6b® c+8b 2416 * dc+ Ab°-6 b® c+8 b c2+16 c*
(4 (4
y —> ,b],BSbSZC},
-2b+4c 2c -2b+4c
b*-2b%c-16c>-4 42 (bc)*2+16 V2 b’
{HighPayment [ B
4 (b-2c)2c
b®_6b2c+8bc2+16c3+4 42 (bc)*2-16 y2 /b’
3
4(b-2c)’c
ﬁvf3/2+4c—4«/§\/bc %+4c-4«/§\/bc
C c
’1) )b]’
2b-4c 2b-4c

2csbsx 4c}, (HighPayment[1, @, @, 1, @, b], 4 C < b)}”
The expected payment when the principal chooses the optimal bonus

HIGHOptimalPayment[c_] := HIGHPayment [HIGHOptimalBonus[c], c]

High-Quota contract (Non-Gaming)

The agent’s optimal effort at the second round

NonGamingHigh2ndEffort[b_, c_] :=Min[1, b/ (2%C)]

The agent’s optimal effort at the first round
NonGamingHighlstEffort[b_, c_] :=
ArgMax[ {el » (NonGamingHigh2ndEffort[b, c] * b - ¢ * NonGamingHigh2ndEffort[b, c]"2) -
cxel”2,0<els1}, el]

The principal’s profit when the agent chooses the optimal policy and the optimal effort policy given
by Lemma 4

NonGamingHighm[b_, c_] :=
NonGamingHighlstEffort[b, c] * NonGamingHigh2ndEffort[b, c] * (2-b) +
NonGamingHighlstEffort[b, c] * (1 - NonGamingHigh2ndEffort[b, c])

The optimal bonus

NonGamingHighOptimalBonus[c_] := NArgMax[{NonGamingHighm[b, c], @ < b}, b]

The principal’s optimal profit

NonGamingHighOptimalmn[c_] := NonGamingHighIl [NonGamingHighOptimalBonus[c], c]
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The expected total effort in one period

NonGamingHighTotalEffort[c_] :=
NonGamingHighlstEffort [NonGamingHighOptimalBonus[c], c] +
NonGamingHighlstEffort [NonGamingHighOptimalBonus[c], c] *
NonGamingHigh2ndEffort [NonGamingHighOptimalBonus[c], c]

The optimal expected payment when the agent chooses the optimal policy and the optimal effort
policy given by Lemma 4

NonGamingHighOptimalPayment[c_] :=
NonGamingHighlstEffort [NonGamingHighOptimalBonus[c], c] * NonGamingHigh2ndEffort [
NonGamingHighOptimalBonus[c], c] * NonGamingHighOptimalBonus[c]

Low-Quota Contract

The agent’s expected utility

LowU[el@ , ell_, e200 , e201_, €211 , b_, c_] :=
(b (€200 + (-1 +e1l) e200 €201 - e11 €200 €211 +
€10 (1 +elle201+e200 (-1+e201-e11e201) +e11 (-1+e200) e211)) -
c (e1a2 (1+ (-1+ell) e201 - ell e211) + 200> (1 + (-1 +ell) 201 - ell e211) +
ele (ezea2 (-1+e201 - elle201 + ell e211) +e201
(e201 + e11 (el1 - e201 e211 + e2112) )))) / (1+ (-1+el0+ell) e201 - e11 e211)
The agent’s optimal effort at the first round when he does not have carryover
LowlstOptimalEfforto@[b_, c_] :=
ArgMax[{LowU[el0, O, €200, €201, O, b, c], 0 <el0<1,0<e200<1, 0 <e201 <1},
{el0, e200, e201}][[1]]

The agent’s optimal effort at the second round when he does not have carryover and does not
report the sales at the first round

Low2ndOptimalEfforte@[b_, c_] :=
ArgMax[{LowU[el0, O, €200, €201, O, b, c], 0 <el0<1,0<e200<1, 0 <e201 <1},
{e10, e200, e201}][[2]]

The agent’s optimal effort at the second round when he have carryover but does not report the
sales at the first round

Low2ndOptimalEffortOl[b_, c_] :=
ArgMax[{LowU[el0, O, €200, €201, O, b, c], 0 <el0<1,0<e200<1, 0 <e201 <1},
{e10, e200, e201}][[3]]
The principal’s profit

Lown[el® , ell_, e200_, e201_, e211 , b_, c_] :=
((1-b) (€10 (-1+e200) - e200) + ((-2+b) el@ell- (-1+b) (-1+eld) (-1+ell) e200)
€201 + (-1+b) ell (el (-1 + e200) - e200) e211) / (-1- (-1 +el0 + ell) e201 + ell e211)

The principal’s profit when the agent chooses the optimal report policy and the effort policy given
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by Lemma 4

LOWI[b_, c_] := LowI[LowlstOptimalEfforte[b, c], O,
Low2ndOptimalEffortee[b, c], Low2ndOptimalEffortel[b, c], @, b, c]

The principal’s optimal profit

LOptimalli[c_] := NMaximize[{LOWI[b, c], ® <b < 1}, b]

Low-Quota Contract (Non-Gaming)

The agent’s optimal effort at the second round

NonGamingLow2ndEffort[b_, c_] :=Min[1, b/ (2%cC)]

The agent’s optimal effort at the first round
NonGamingLowlstEffort[b_, c_] := ArgMax[
{elxb+ (1-el) » (NonGamingLow2ndEffort[b, c] * b - c * NonGamingLow2ndEffort[b, c]*2) -
cxel”"2,0<elx<1}, el]
The principal’s profit when the agent chooses optimal effort given by Lemma 5.

NonGagmingLowni[b_, c_] := (NonGamingLowlstEffort[b, c] +
(1 - NonGamingLowlstEffort[b, c]) * NonGamingLow2ndEffort[b, c]) * (1-b)

The principal’s optimal profit

NonGagmingLowOptimalmn[c_] := NArgMax[{NonGagmingLowIi[b, c], © < b}, b]
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